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In an ideal linear amplifier, the output signal is linearly related to the input signal with an additive noise that is 
independent of the input.  The decoherence of a quantum-mechanical state as a result of optical amplification is 
usually assumed to be due to the addition of quantum noise.  Here we show that entanglement between the input 
signal and the amplifying medium can produce an exponentially-large amount of decoherence in an ideal optical 
amplifier even when the gain is arbitrarily close to unity and the added noise is negligible.  These effects occur for 
macroscopic superposition states, where even a small amount of gain can leave a significant amount of which-path 
information in the environment.  Our results show that the usual input/output relation of a linear amplifier does not 
provide a complete description of the output state when post-selection is used.  
  
1. Introduction 
 
A linear optical amplifier multiplies the input signal by a 
constant gain g  while adding noise that is independent of the 
input [1-8].  It is generally assumed that all of the degradation of 
a quantum state that occurs during amplification is due to the 
addition of quantum noise.  Here we show that entanglement 
between the input signal and the amplifying medium in an ideal 
optical amplifier will generate “which-path” information that can 
produce an exponentially-large amount of decoherence even 
when the gain is arbitrarily close to unity and the added noise is 
negligibly small.  This situation occurs for inputs that are 
macroscopic superposition states, such as a Schrodinger cat, 
where even a small amount of gain can result in a significant 
amount of which-path information left in the environment.  Our 
results show that the usual linear input/output relation of an 
optical amplifier does not completely describe the output state 
when post-selection techniques are used to analyze the output.  
 To be more precise, the output of any linear optical 
amplifier in the Heisenberg picture is given by [1-8] 
 
                                       ˆˆ ˆ .out inx gx N= +   (1) 
 
Here †ˆ ˆ ˆ( ) / 2x a a≡ +  is one of the phase quadratures of the 
signal field, where aˆ  is the corresponding photon annihilation 
operator and ˆinx  and ˆoutx  describe the input and output of the 
amplifier.  Nˆ  is a noise operator that commutes with ˆinx , and a 
similar equation describes the other phase quadrature 
†ˆ ˆ ˆ( ) / 2p a a i≡ − .  The statistical properties of the quantum 
noise Nˆ  have been analyzed in detail [8] and it is generally 
considered to be the limiting factor in the performance of an ideal 
optical amplifier. 
 In the limit where 1g → , ˆ 0N →  for an ideal amplifier 
and Eq. (1) would seem to imply that there should be no 
significant difference between the input and output fields.  That 
is not the case for macroscopic superposition states as will be 
shown below.  Although Eq. (1) is mathematically correct, ˆoutx
from Eq. (1) cannot be used to calculate the variance and other 
higher-order moments when post-selection is used.  More 
generally, we will show that the Heisenberg picture approach of 
Eq (1) is not equivalent to using the Schrodinger picture when 
non-unitary transformations are applied, as is the case in post-
selection.   
 An optical parametric amplifier (OPA) is a commonly-
used example of a linear amplifier, and Caves et al. [8] showed 
that any ideal (phase-insensitive) linear amplifier can be modeled 
by an OPA.  It is well known that an OPA produces entanglement 
between the output signal and another optical mode known 
historically as the idler, as illustrated in Fig. 1.  For an OPA, 
2ˆ ˆ1 inN g q= − − , where ˆinq  is the xˆ  quadrature in the idler 
mode.  The same results apply to any ideal linear amplifier, 
including those based on an inverted atomic medium [9].  We 
will use an OPA to illustrate the effects of entanglement on a 
quantum signal. 
 The linear relationship of Eq. (1) is only valid in the limit 
of a strong pump, where the effects of saturation and fluctuations 
in the pump field are negligible.  We will assume throughout that 
this condition is satisfied and that the pump can be treated 
classically.  A number of earlier papers [10-16] have investigated 
nonlinear phenomena that can occur when the pump is 
sufficiently weak that saturation and fluctuations in the pump 
power are significant, but those effects are unrelated to the 
decoherence of interest here, which can occur even in an ideal 
linear amplifier in the limit of a strong pump. 
 
 
 
 
 
 
 
 
 
 
 
Fig. 1.  Amplification of a signal by a parametric amplifier.  The 
Hamiltonian corresponds to the annihilation of a photon from the 
pump beam accompanied by the emission of a photon in both the 
signal and idler modes.  The which-path information produced by 
the entanglement between the signal and idler modes can produce an 
exponentially-large amount of decoherence even in the limit of small 
gain and negligible added noise.  
 
 As an example of these effects, we consider the 
amplification of Schrodinger cat states in the next section.  We 
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show that an ideal amplifier can greatly reduce the visibility of 
the quantum interference between the two terms in a cat state 
even when the quantum noise is negligible.  This situation is 
analyzed in more detail in Section 3 using the Husimi-Kano Q-
function, which allows the visibility of the quantum interference 
to be calculated analytically.  The results from the Q-function 
calculation in the Schrodinger picture are compared with the 
results of the Heisenberg picture in Section 4.  The implications 
of these results are discussed in Section 5 along with our 
conclusions. 
2. Decoherence of Schrodinger cat states 
 
 The decoherence of a Schrodinger cat state by a 
parametric amplifier will be considered in this section, where the 
most interesting results correspond to the limit of 1g → .   The 
decoherence of the cat state can be measured using the 
interferometer arrangement shown in Fig. 2.  Earlier studies of 
the amplification of cat states [4, 17-28] did not consider the limit 
of 1g →  or the interferometer approach of Fig. 2. 
 The first step in this process is to generate a Schrodinger 
cat state by passing a coherent state 0α  (laser beam) with 
complex amplitude 0α  in the signal mode through a single-
photon interferometer that contains a Kerr medium [29] K in one 
path, as illustrated by the state-preparation box on the left-hand 
side of Fig. 2.  A constant phase shift is applied in such a way 
that a net phase shift of φ±  will be applied to the coherent state 
depending on the path taken by the single photon 1γ , as 
illustrated in Fig. 3b.  We post-select on those events in which 
1γ  is detected in the detector labelled 1D  in Fig. 2, which 
produces a Schrodinger cat state [30-32] given by 
 
                       ( )0 0 0 / 2.i i ie eφ φψ α α−= +           (2) 
 
Here we have assumed that the idler mode of the OPA is initially 
in its vacuum state 0i .  The normalization of Eq. (2) also 
assumes that φ  is sufficiently large that there is negligible 
overlap between the two coherent-state components. 
 The signal mode is then amplified using an OPA with a 
gain 1g ε= + , which will increase the amplitude of the signal 
by a relatively small amount for 1ε <<  as illustrated in Fig. 3c.  
The amplification will also displace the idler mode in accordance 
with the relations [7,8] 
 
                             
2
2
ˆ ˆ ˆ1
ˆ ˆ ˆ1 ,
out in in
out in in
q gq g x
g g pπ π
= − −
= + −
                   (3) 
 
where πˆ  is the other phase quadrature for the idler.  This creates 
entanglement between the signal and the idler modes, since the 
idler mode is displaced in different directions in phase space for 
the two Schrodinger cat state components, as illustrated by the 
red and blue colors in Fig. 3c.  It is important to note that the 
change in the idler can be much larger than the change in the 
signal, since 2 1 ~ 2g ε ε− >>  for 1ε << . 
 
 
Fig. 2.  Testing the properties of a parametric amplifier by 
generating a quantum state, passing it through an amplifier, and then 
analyzing the properties of the output state.  Here a Schrodinger cat 
state is first produced by passing a coherent state through a single-
photon interferometer with a Kerr medium K in one path.  After 
amplification, a second single-photon interferometer will produce 
quantum interference between the two components of the cat state 
when a homodyne measurement indicates a net phase shift near zero, 
as illustrated in Fig. 3.  This allows a measurement of the amount of 
decoherence due to entanglement between the signal and idler 
modes in the amplifier, which can occur even when the quantum 
noise is negligibly small.  Here 1γ  and 2γ represent single photons, 
1D  and 2D  are single-photon detectors, and the pump beam for the 
parametric amplifier is not shown. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 3.  Qualitative phase-space description of the interferometer 
system of Fig. 2, where x and p correspond to the two quadratures 
of the fields.  (a)  The initial state in which the signal mode is a 
coherent state with amplitude 0α  as represented by the black circle, 
while the idler mode is in its vacuum state represented by the green 
circle.  (b)  The state of the system after the first single-photon 
interferometer, where there are equal probability amplitudes that the 
signal mode has been shifted in phase by φ±  .  (c)  Entangled state 
created by the parametric amplifier of Fig. 1, where the signal and 
idler modes have been displaced in correlated directions.  (d)  The 
state of the system after the final single-photon interferometer, 
where a second phase shift of φ±  can recombine the two 
components of the Schrodinger cat.  The visibility of the quantum 
interference between these two probability amplitudes is reduced 
exponentially by the remaining entanglement with the idler mode.    
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 After the amplifier, the coherence properties of the output 
signal are analyzed using another single-photon interferometer 
with a Kerr medium as shown in the analyzer box on the right-
hand side of Fig. 2.   This process also applies a phase shift of 
φ± , where we post-select on single photon 2γ  having been 
detected in 2D .  The net phase shift after the second 
interferometer will be either 0 or 2φ±  as indicated by the arrows 
in Fig. 3d.  The phase of the final signal mode is measured using 
a homodyne detector and we post-select on those events in which 
there was a net phase shift near 0, as indicated by the red crosses 
in Fig. 3d.  This can only occur if there was one positive and one 
negative phase shift.   
 If we ignore the effects of any amplification for the time 
being (g=1), this process results in a post-selected state 'ψ   
given by 
                      ( ) 3/2' ' ' 0 / 2 .i ie θψ α α+ −= +   (4) 
 
The state 'α +  corresponds to a coherent state 0α  whose 
phase was initially shifted by φ+  by the first single-photon 
interferometer and then shifted by φ−  in the second single-
photon interferometer, as illustrated in Fig. 2.  The two phase 
shifts cancel out to give back the initial coherent state, so that 
0'α α+ = .  In a similar way, 'α −  corresponds to a coherent 
state 0α  whose phase was initially shifted by φ−  by the first 
single-photon interferometer and then shifted by φ+  in the 
second single-photon interferometer, so that 0'α α− =  as 
well.  The parameter θ  in Eq. (4) is a phase shift applied to 
photon 2γ  in one path of the second interferometer, as illustrated 
in Fig. 2.   
 Eq. (4) corresponds to the amplitudes of the post-selected 
terms in the state vector without any renormalization.  The 
probability P  of such a sequence of events occurring is thus 
equal to the norm of 'ψ , which reduces to  
 
                                    21 cos ( / 2).
2
P θ=         (5) 
 
We can define the visibility v  of the quantum interference as 
usual by max min max min( ) / ( )v P P P P≡ − + , where   maxP  and minP  
are the maximum and minimum probabilities obtained by 
varying the phase θ . Thus the probability P  depends 
sinusoidally on θ  and there is 100% visibility of the quantum 
interference in the absence of any amplification.  The entire 
system can be viewed as a Schrodinger-cat interferometer. 
 We now consider the effect of amplification in the optical 
path between the two single-photon interferometers as shown in 
Fig. 2.  To a first approximation, the entanglement between the 
signal and idler modes has the effect of replacing Eq. (4) with 
 
                        ( ) 3/2'' '' '' / 2 ,ii e iθψ α α+ + − −= +   (6) 
 
where ''α ±  is the amplified signal and i±  is the 
corresponding state of the idler mode as illustrated in Fig. 3d.  
Now the cross-terms in '' ''ψ ψ  that are responsible for the 
quantum interference will be proportional to i i+ − .  This will 
produce an exponential decrease in the visibility when the gain 
is sufficiently high that there is very little overlap between the 
two displaced states of the idler mode.    
 The most interesting situation occurs when 1ε <<  but 
0| |α  is so large that 
2
0| | 1ε α >>  .  In that limit, the added noise 
2ˆ ˆ1 0inN g q= − − →  and ˆ ˆout inx x=  from Eq. (1).  It can be 
shown that ˆ ˆout inp p=  as well.  As a result, one might expect that 
there should be no significant change in the field due to the 
amplifier.  But the magnitude of the displacement of the idler 
mode from Eq. (3) is given by 2 0 01 | | ~ 2 | | 1g α ε α− >> .  
Because the displacement of the idler in phase space is much 
larger than the width of its gaussian distribution, the idler overlap 
i i+ −  will be exponentially small and the visibility will 
approach zero in that limit, in contrast to what might be expected 
from Eq. (1).   
 Although 0| |α  was assumed to be relatively large in the 
example above, the amplitude of the pump field can be even 
larger so that saturation and fluctuations in the pump are 
negligible and the linear input/output relation of Eqs (1) and (3) 
are satisfied.  This will be the case provided that the number of 
photons in the pump field is much larger than the number of 
signal and idler photons that are emitted. As we will show in 
more detail in the next section, the decoherence of interest will 
be exponentially small even if only a few idler photons are 
emitted and large pump intensities are not actually required.    
 
3. Analysis using the Q-function 
 
 Eq. (6) is only approximate because it assumes a product 
state between the corresponding signal and idler modes.  The 
effects of the amplification can be calculated exactly using the 
two-mode Husimi-Kano quasiprobability distribution [33-35] 
defined by 
 
                         2
1 ˆ( , ) .Q α β α β ρ β α
π
≡   (7) 
 
Here ρˆ  is the density operator for the system, α  and β  
denote arbitrary coherent states in the signal and idler modes, and 
α β   is short-hand notation for α β⊗ . 
 After the first single-photon interferometer and before 
the amplifier, the density matrix corresponding to the pure state 
of Eq. (2) is given by 
 
                           ˆ ˆ ˆ ˆ ˆ ,ρ ρ ρ ρ ρ++ +− −+ −−= + + +   (8) 
 
where 
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0 0
0 0
0 0
0 0
ˆ 0 0 / 2
ˆ 0 0 / 2
ˆ 0 0 / 2
ˆ 0 0 / 2.
i i
i i
i i
i i
i i
i i
i i
i i
e e
e e
e e
e e
φ φ
φ φ
φ φ
φ φ
ρ ψ ψ α α
ρ ψ ψ α α
ρ ψ ψ α α
ρ ψ ψ α α
++ + +
−
+− + −
−
−+ − +
− −
−− − −
= =
= =
= =
= =
  (9) 
 
Here ψ±  corresponds to the two states in Eq. (2), where the ±  
signs will always refer to the sign of the phase shift applied in 
the first interferometer.    
The Q-function defined by Eq. (7) can therefore be 
written as   
 
                      
( , ) ( , ) ( , )
( , ) ( , ),
Q Q Q
Q Q
α β α β α β
α β α β
++ +−
−+ −−
= +
+ +
  (10) 
 
where 
 
                      2
1 ˆ( , ) ,Q α β α β ρ β α
π+− +−
≡   (11) 
 
for example.  The cross terms ( , )Q α β+−  and ( , )Q α β−+  are 
responsible for the quantum interference and will be of particular 
interest.    
 The effects of the amplifier on the Q-function can be 
calculated from the interaction Hamiltonian ˆ 'H  of an OPA, 
which is given by [7,8] 
 
                                † †ˆ ˆˆ ˆ ˆ' ( ).H i ab a bκ= −   (12) 
  
Here aˆ  and bˆ  are the annihilation operators for the signal and 
idler modes, respectively, while κ  is a parameter that reflects 
the strength of the interaction.  The time evolution operator 
ˆ( )S r  for the system can be shown to have the form [8] 
 
                        
† †ˆ ˆˆ ˆ ˆ' / ( )ˆ( ) .iH t r ab a bS r e e− −≡ =   (13) 
 
Here t  is the interaction time and the parameter r  is defined by 
r tκ= .  Eq. (13) can be put into the factored form [36] 
 
                  2 † † 2† †ˆ ˆˆ ˆˆ ˆ1 / 1 /ˆ ˆ( )1ˆ( ) ,g a b g g ab ga a b bS r e g e
g
− − −− +=   (14) 
 
 where the gain g  is defined as cosh( )g r= . 
 The density matrix ˆ 'ρ  after the amplification process 
is given by †ˆ ˆˆ ˆ' ( ) ( )S r S rρ ρ= .  Combining this with Eqs. (7) 
through (9) gives 
 
             
( )
( )
2
†
1 ˆ( , ) ( ) 0
2
ˆ0 ( ) .
i
i
Q S r
S r
α β α β α
π
α β α
+− +
−
=
×
  (15) 
 
Here we have defined 0
ie φα α+ =  and 0
ie φα α−− = .  
Using Eq. (14) and the fact that aˆ α α α= , bˆ β β β= , and 
20 exp[ | | /2]β β= − , the first factor f+  on the right-hand side 
of Eq. (15) can be rewritten as 
 
                      
( )
( )
22
†
1 * */| | /2
ˆ ˆ
1ˆ( ) 0
.
g g
i
a a
f S r e e
g
g
α ββα β α
α α
− −−
+ +
−
+
≡ =
×
 
 (16) 
 
By expanding the coherent states α  and α+  in the 
number-state basis, it can be shown that Eq. (16) is equivalent to  
 
              222 2 1 * */| | /2 * /| | /2 | | /21 .g g gf e e e e e
g
α βα α αα β+ +− −−− −
+ =   (17) 
 
A similar result can be obtained for the other factor f−   on the 
right-hand side of Eq. (15).  Inserting these results back into Eq. 
(15) gives the Q-function after the amplification process in the 
form 
 
               
( )
( )
22
2 22
1( * * )/| |
2 2
| | /2 | | /2 ( * *)/| |
1( , )
2
.
g g
g
Q e e
g
e e e e
α β αββ
α α α α ααα
α β
π
+ − + −
− − +−
+−
− − +−
=
×
  (18) 
 
The same procedure can be used to find the three other terms in 
the Q-function of Eq. (10). 
 The Kerr medium in the second two-photon 
interferometer after the amplifier will shift the phase of the signal 
mode by φ± , which is equivalent to applying a transformation  
Tˆ  given by 
 
                                  ( )1ˆ ˆ ˆ ,2
iT e U Uθ + −= +   (19) 
 
where Uˆ±   applies a phase shift of φ±  to the signal.  The factor 
f+   in Eq. (16) will then be transformed into 
 
                 ( )2 †2 †ˆ1 */ ˆ ˆ| | /21 ˆ g a g a af e T e gg ββ α α− −− −+ +=   (20) 
 
Letting the operator †Tˆ  act to the left on the state α  just shifts 
its phase accordingly.  Using a similar procedure on the other 
factor f−   and dropping the two phase-shifted terms that are 
rejected in the post-selection process gives the final Q-function:  
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{ }
( )
2
22
0 0 0
| | 2
2 2
| | ( * *)/| |
1( , ) exp 1( * * ) /
4
,
i i
g i
Q e g e e g
g
e e e e
β φ φ
α α α ααα θ
α β α β αβ
π
− − −
+−
− +− −
 = − − +
 
×
 
 (21) 
 
with similar expressions for the three other terms. 
 The probability P  of a post-selected event of this kind 
is given by  
 
                                2 2 ( , ).P d d Qα β α β= ∫   (22) 
 
An examination of Eq. (21) shows that the last factor in 
parentheses involving 0α  is strongly peaked when the value of 
α  is near 0gα  , as would be expected from Fig. 3d.  The value 
of the first factor involving β  is exponentially small for those 
values of α   due to the phase shift of φ±  that remains in the 
idler mode.  As a result, the Q+−   and Q−+  terms are greatly 
reduced and the visibility of the interference becomes 
exponentially small for sufficiently large gain.    
 Combining Eqs. (21) and (22) and performing the 
integrals gives the probability P+−  associated with Q+− , with 
similar results for the other components.  This can be used to 
evaluate the visibility max min max min( ) / ( )v P P P P≡ − + , where   
maxP  and minP  are the maximum and minimum probabilities 
obtained by varying the phase θ .  The result is  
 
             ( )
2 2 2
02| | ( 1)/(2 1) 2
02 exp 4 | | ,(2 1)
g gev
g
α
ε α
− − −
= → −
−
  (23) 
 
where we have taken / 2φ π=  and the limit on the right-hand 
side corresponds to 1ε << .  If we choose ε  and 0| |α  such that 
0| | 1ε α <<  but 
2
0| | 1ε α >> , then 0ˆ( 1) | |~ | | 1ing x ε α− <<  
and ˆ ˆ 0out inx x− →  from Eq. (1).  ( ˆ ˆout inp p=  as well).  Thus the 
entanglement between the signal and the idler can give an 
exponentially-small visibility even when the difference between 
the input and output signals would be arbitrarily small according 
to Eq. (1).  The visibility is 100% in the opposite limit where 
0| |α  is held constant as 1g →  .   
 We considered the limit of 20| | 1ε α >>  in the 
discussion above in order to show that the added noise is not 
responsible for these effects.  A large value of 0| |α  in a 
Schrodinger cat state is currently not feasible experimentally.   
Eq. (23) can still be tested under more relaxed conditions, such 
as 1 / 2ε =  and 0| | 1α =  for example, which would also produce 
a large amount of decoherence due to entanglement with the 
idler.  Experiments of this kind appear to be difficult but feasible 
using current technology. 
 It is well known that macroscopic superposition states 
are very susceptible to decoherence and one might argue that it 
is not surprising that a large amount of decoherence occurs in the 
limit of 20| | 1ε α >> .  What is surprising is that Eq. (1) does not 
provide an adequate description of this decoherence for reasons 
that will be discussed in section 4.  In fact, Eq. (1) seems to 
suggest that there should be no significant change in the signal 
in this limit where ˆ ˆout inx x= , while Eq. (23) predicts a large 
amount of decoherence even in that case.   
 Although Eq. (1) is correct, the operator xˆ  (or pˆ ) does 
not represent the measurement outlined in Figs. 2 and 3.  A single 
mode of the electromagnetic field is mathematically equivalent 
to a simple harmonic oscillator, and the post-selected 
measurements of interest here have an expectation value given 
in the coordinate representation [37] that is roughly analogous to 
 
                      21 2ˆ | ( ) ( ) | .iO x e x dxθψ ψ= +∫   (24) 
 
Here Oˆ  is the corresponding operator and ( )xψ  is the wave 
function, while 1x   and 2x  are two different locations.  The cross-
terms in Eq. (24) produce interference effects that are dependent 
on the relative phase θ .  Eq. (24) is very different from the 
expectation value of the operator xˆ , which is independent of the 
relative phase of the wave function at two different points.  This 
example reflects the fact that a knowledge of xˆ  does not 
determine all of the observable properties of the system.  As will 
be discussed in the following section, the variance and higher 
moments of the distribution cannot be derived from operator xˆ  
in the Heisenberg picture as a result of the post-selection process. 
 In a similar way, Caves et al. [8] traced over the idler to 
obtain the Q-function ( )Q α  for the signal mode alone: 
 
                                 2( ) ( , ).Q d Qα β α β≡ ∫   (25) 
 
They showed that the effects of an OPA on ( )Q α  are given by  
 
                                ( ) 2( ) / / .out inQ Q g gα α=    (26) 
 
Eq. (26) has a remarkably simple form and one might infer from 
it that there is no significant change in the signal in the limit of 
1g → , since ( ) ( ) 0out inQ Qα α− →   in the limit discussed 
above.  Nevertheless, Eq. (26) is correct and it can be used to 
derive the same visibility as that of Eq. (23).  This shows that 
very small changes in the Q-function can have surprisingly large 
effects on the outcome of an experiment.  
 The importance of the idler mode in a parametric 
amplifier is well known, but it is usually assumed that its effects 
are completely described by the additive noise Nˆ .  For example, 
Caves et al. [8] recently analyzed linear amplifier noise in detail, 
with an emphasis on calculating the higher-order moments of the 
added noise distribution.  As they put it, “the amplification of the 
primary mode requires it to be coupled to other physical systems, 
not least to provide the energy needed for amplification; these 
other systems, which can be thought of as the amplifier’s internal 
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degrees of freedom, necessarily add noise to the output.”   We 
certainly agree with that statement, but our point is that the 
effects of entanglement with the idler are not limited to the 
production of an additive noise Nˆ .  The amplification of 
Schrodinger cats was considered long ago by R. Glauber [4], but 
he also concluded that the decoherence was due to the addition 
of noise. 
 
 
4.  Comparison with the Heisenberg picture 
 
 The Q-function calculations in the previous section were 
performed in the Schrodinger picture, while the usual input-
output relations of Eq. (1) are based on the Heisenberg picture. 
In this section, we will show that these two approaches are not 
equivalent when post-selection is used.  
 The limitations in the use of the Heisenberg picture to 
describe the Schrodinger cat interferometer of Fig. 2 can be 
understood by calculating the variance of ˆFx , the quadrature of 
the final output field that enters the homodyne detector.  
Consider the case in which we post-select on the output of the 
two single-photon detectors shown in Fig. 2, but with no post-
selection based on the output of the homodyne detector.  The 
probability of measuring a coherent-state phase shift of 2φ±  is 
independent of θ , while the probability of measuring a total 
phase shift of 0 depends on 2cos ( / 2)θ  in the absence of 
decoherence as in Eq. (5).  As a result, the variance 2ˆFx  will 
also depend on θ  and it can be used to compare the two 
approaches; for simplicity, we will consider the case where 
ˆ 0Fx = . 
 In the Schrodinger picture, the final state Fψ  of the 
system is given by 
 
                             ˆˆ .F oTSψ ψ=   (27) 
 
Here the initial state 0ψ  corresponds to a Schrodinger cat state, 
while ˆ ˆ( )S S r=  is the transformation produced by the OPA and 
Tˆ  is the transformation produced by the second single-photon 
interferometer and the post-selection process.    For simplicity, 
we define a new operator ˆ ˆˆO TS= , which allows Eq. (27) to be 
rewritten as  
 
                                ˆ .F oOψ ψ=   (28) 
   
It should be noted that the operators Tˆ  and Oˆ  are not unitary, 
which requires some care in the use of the Heisenberg picture.  
 The expectation value of the Schrodinger operator ˆSx  at 
the output of the interferometer is then given by 
 
         †0 0 0 0ˆ ˆ ˆˆ ˆ ˆ .F S F S Sx O x O O x Oψ ψ ψ ψ ψ ψ= =   (29) 
 
If we define the Heisenberg operator ˆFx  as usual by 
†ˆ ˆˆ ˆF Sx O x O= , then  
                         
                        0 0ˆ ˆ .F S F Fx xψ ψ ψ ψ=   (30) 
 
Thus the usual definition of the Heisenberg operator ˆFx  gives 
the correct expectation value even though the operators Tˆ  and 
Oˆ  are not unitary.   
 The situation is not so simple for the variance, 
however.  In the Schrodinger picture, this can be written as 
 
2 † 2 † 1
0 0 0 0
ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ,F S F S S Sx O x O O x OO x Oψ ψ ψ ψ ψ ψ
−= =  (31) 
 
where we have used the fact that 1ˆ ˆ ˆOO I− =  and we have assumed 
that ˆ 0F S Fxψ ψ =  for simplicity.   By comparison, the 
expectation value of the operator 2ˆFx  in the Heisenberg picture 
is given by 
 
                  2 † †0 0 0 0ˆ ˆ ˆ ˆˆ ˆ ˆ .F S Sx O x OO x Oψ ψ ψ ψ=   (32) 
 
A comparison of Eqs. (31) and (32) shows that 
 
                     2 20 0ˆ ˆ ,F F S Fx xψ ψ ψ ψ≠   (33) 
 
since † 1ˆ ˆO O−≠  if operator Oˆ  is not unitary.  Thus the 
Heisenberg operator 2ˆFx  does not give the correct variance for 
the Schrodinger cat interferometer of interest here, even though 
ˆFx  does give the correct expectation value in Eq. (30). 
 To show this more explicitly, we will calculate the 
variance predicted by the use of Eq. (1) in the Heisenberg 
picture.  From Eq. (27), ˆFx  can be also be written as 
 
                           † †ˆ ˆˆ ˆˆ ˆ .F Sx S T x TS=   (34) 
 
If we ignore the fact that Tˆ  is not unitary for the time being, we 
can use Eq. (1) to evaluate the results of the linear transformation 
of the operator †ˆ ˆˆST x T  in Eq. (34): 
 
       ( ) ( ) ( )† † † 2 †ˆ ˆˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ1 .F S S Sx S T x T S g T x T g T q T= = − −      (35) 
 
Eq. (35) is equivalent to having amplified an input signal with a 
quadrature given by †ˆ ˆˆST x T . 
 Eq. (35) can now be used to calculate the variance in the 
Heisenberg picture, which gives   
 
 ( ) ( )
2
2 † 2 †
0 0 0 0
ˆ ˆ ˆ ˆˆ ˆ ˆ1 .F S Sx g T x T g T q Tψ ψ ψ ψ = − −     (36) 
 
Expanding the square in Eq. (36) gives 
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( )
( ) ( )
22 2 †
0 0
22 †
0 0
ˆ ˆˆ ˆ
ˆ ˆˆ1 ,
F S
S
x g T x T
g T q T
ψ ψ
ψ ψ
=
+ −
              (37) 
 
where we have made use of the fact that ˆSq  is uncorrelated with 
the other term in Eq. (36).  The operator †ˆ ˆˆ ˆW Sx T x T=  can be 
identified as the input to the homodyne detector in the absence 
of any amplification.  Thus the variance in Eq. (37) is on the 
order of 
 
           ( )2 2 2 2ˆ ˆ 1 .F Wx g x g≈ + −   (38) 
 
Eq. (38) makes use of the fact that 2ˆ 1Sq =  and Tˆ  is just a 
phase shift.  The same analysis that led to Eq. (5) gives a post-
selected variance of 2 2 2 20ˆ sin (2 ) | | /(1 2cos )Wx φ α θ= +  
without amplification, where we have assumed 0Re( ) 0α =  and 
0| | 1α >>  for simplicity. 
 The Heisenberg picture results of Eq. (38) predict that 
2ˆFx  will be unaffected by the OPA provided that 1g  , 
regardless of the value of 20| |α  .  Thus there would be a strong 
dependence on the value of θ  even when 20| | 1ε α >>  provided 
that ε  itself is small, which is in disagreement with Eq. (23) 
from the Schrodinger picture.   
 This result can be understood intuitively from the fact 
that the addition of a small amount of noise to the output signal 
would have the same effect as a small amount of phase noise 
added to the local oscillator used in the homodyne detector; both 
simply shift the measured value of xˆ  by a small amount.  That 
does not include the effects of entanglement, and Eq. (23) from 
the Q-function analysis in the Schrodinger picture predicts an 
exponentially-small dependence on θ  under these conditions. 
 The use of the linear input/output relation of Eq. (1) is 
not valid in the above calculation because the operator Tˆ  is not 
unitary.  A unitary transformation preserves all of the usual 
commutation relations such as ˆ ˆ[ , ] /p x i=  , which are an 
essential part of the derivation of Eq. (1).  The commutation 
relations are not preserved by a non-unitary transformation and 
the use of Eq. (1) is no longer valid.  Thus the usual linear 
input/output relations cannot be used to calculate the correct 
variance if post-selection is used. 
 The Heisenberg picture has the advantage that it results 
in a set of differential equations for the quadrature operators that 
can be solved analytically to give the usual linear input/output 
relations for xˆ  and qˆ .  Unfortunately, those results for the 
quadratures themselves cannot be used to correctly calculate 
higher moments such as the variance in the example considered 
here.    
5. Discussion and conclusions 
 
 We have shown that entanglement between the signal and 
the amplifying medium can produce an exponentially-large 
amount of decoherence in the amplification of macroscopic 
superposition states even when the added noise is negligibly 
small.  This shows that the added noise Nˆ  is not totally 
responsible for the decoherence of an arbitrary amplifier input 
state, as is commonly assumed.   
 The linear input/output relation of Eq. (1) seems to imply 
that there should be no change in the quantum state in the limit 
of 1g →  and ˆ 0N → , and this is confirmed by the predicted 
variance in Eq. (38).  That is not the case as we have shown, and 
the effects of entanglement with the idler are not limited to the 
addition of noise.  Although Eq. (1) is mathematically correct, it 
does not provide a complete description of the properties of the 
output state since the variance and other higher moments are not 
related in any simple way to the Heisenberg operators ˆFx  and 
ˆFq  when post-selection is applied.  Higher-order moments are 
required in order to describe correlations and other effects 
associated with entanglement, and this capability is what is 
missing in the usual linear input-output relation of Eq. (1).   
 It is well known that Schrodinger cat states are very 
susceptible to decoherence, and similar results could be obtained 
for other macroscopic superposition states.  Decoherence will 
also occur if a cat state is passed through a beam splitter, for 
example [37].  In that case, which-path information is left in the 
other output port of the beam splitter in analogy with the 
information left in the idler mode in this example.  Thus 
decoherence due to the generation of which-path information is 
not unique to amplifiers, but it cannot be described by the 
addition of noise in either case.  For example, the decoherence 
of a macroscopic superposition state by a beam splitter cannot be 
understood on the basis of vacuum fluctuations coupled in from 
the other input port. 
 Decoherence is one of the most important issues in 
quantum information processing and a fundamental 
understanding of its origins is essential.  We previously 
described a generalization of the interferometer in Fig. 2 in 
which two coherent states become entangled in phase and violate 
Bell’s inequality [37].  Systems of that kind may be useful for 
quantum communications and quantum computing, and optical   
amplifiers may play an important role in the presence of detector 
noise.  Optical amplifiers can enhance the performance of 
quantum sensor systems as well.  Thus the effects of 
entanglement in optical amplifiers may be of practical 
importance as well as providing additional insight into the  nature 
of amplifiers.   
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